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CRITERIA FOR SOLVABILITY OF LEFT
INVARIANT OPERATORS ON NILPOTENT LIE GROUPS!
BY
LAWRENCE CORWIN

ABSTRACT. We define a special nilpotent Lie group N to be one which has a
1-dimensional center, dilations, square-integrable representations, and a maximal
subordinate algebra common to almost all functionals on the Lie algebra it. Every
nilpotent Lie group with dilations imbeds in such a special group so that the
dilations extend. Let L be a homogeneous left invariant differential operator on N.
We give a representation-theoretic condition on L which L must satisfy if it has a
tempered fundamental solution and which implies global solvability of L. (The
sufficiency is a corollary of a more general theorem, valid on all nilpotent N.) For
the Heisenberg group, the condition is equivalent to having a tempered fundamental
solution.

1. Introduction. Let N be a connected, simply connected nilpotent Lie group, with
Lie algebra 9. We consider U (N), the universal enveloping algebra of N, to be the
distributions on N concentrated at the identity e. Define the transpose L - L' to be
the antiautomorphism on AU (N ) given by X > —X on N. Then elements of A(N)
can be regarded as left invariant differential operators on C®(N), with L = ¢ = L',
or as right invariant differential operators via the map ¢+ L' x ¢. We shall
generally use X¢ to denote the left invariant action of X; the main exception is in the
proof of Lemma 3.1.

We shall be concerned with questions about the solvability of L. As is customary,
we say that:

(a) L is locally solvable if there is a neighborhood U of e such that for every
¢ € C2(U) there is a function u € C*(U) with Lu = ¢ on U;

(b) L is semiglobally solvable if for every compact set K in N and every ¢ € CX(N),
there is a function ¥ € C°(N) such that Lu = ¢ on K;;

(c) L is globally solvable if for all ¢ € C*(N), there is a function ¢ € C®(N) with
Lu = ¢;

(d) L has a fundamental solution if there is a distribution ¥ on N such that
Lu = § = §, (the point mass at e);

(e) L has a tempered fundamental solution if the distribution u of (d) can be chosen
to be tempered.

Clearly (c) = (b) = (a) and (e) = (d) = (b) = (a). It is also known that (b) = (¢);
see [S] or [12]. When N is Abelian, (c) and (e) both hold. (The original proofs are in
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[18] and [24]; see also [3], [1], and [2].) Not all elements L of Q(N) satisfy (a);
indeed, the first example of an unsolvable differential operator (given in [22]) was an
element of QU (N ), where N is the 3-dimensional Heisenberg group. Thus criteria for
solvability are of some interest.

In this paper, we shall establish a sufficient condition for semiglobal solvability on
N. The condition is representation-theoretic; it can be regarded as an extension of a
theorem in [23] to the setting in [6]. We then show that for a certain restricted class
of groups N and a restricted set of operators L, the same condition is necessary for
the existence of a tempered fundamental solution. In a few cases—most noticeably
the Heisenberg groups—this condition can also be shown to imply the existence of a
tempered fundamental solution.

We now describe the restrictions on N and L. First of all, N is assumed to be
equipped with a 1-parameter family of dilations; that is, we can write it = GBJ,": R
(as a vector space) so that for all a > 0, the map 4, on R, defined by

A,|N, = a’ o identity,

J

is a Lie algebra automorphism. (Note that 2, is in the center of R.) The maps 4,
extend to WU (N) and lift to N. Let W(N),, = {D € W(N): A, (D) = a™D, Va > 0).
An element of QU(N) is called homogeneous of degree m if it is in W(N),,. We can
easily obtain a homogeneous basis for AU (N ) by choosing one for N and using the
Poincaré-Birkhoff-Witt Theorem. Pick such a basis, @, and fix it for the rest of the
discussion. Given an irreducible representation 7 of N on a Hilbert space J_, we let
JC be the space of C* vectors and define the sth Sobolev norm, || ||, ;, on 3 by
lollz., = 2 l=(X)o?,  s=0.
X€EQ, degree( X)<s

IC: is the completion of 3° in the|| ||, , norm, and JC_° is defined by duality. When
N does not have dilations, we can define Sobolev spaces similarly by using a
filtration on N; see §1.2 of [16] for details. Ordinarily one realizes 7 on £,(R") (for
an appropriate n) by the Kirillov construction; according to Theorem 7.1 of [20], the
Sobolev norms then determine the topology of S(R™). (See also [7].)

Our main theorems apply only to certain nilpotent Lie groups with dilations. We
say that N is special if it has three additional properties:

(1) the center Z of N is one-dimensional;

(2) N has square-integrable representations;

(3) there is an Abelian ideal % of N which is a polarizing subalgebra for “almost
all” elements of i *; moreover, M has a homogeneous basis.

Some explanation of these propeties may help. Property (1) implies that dim N is
odd; we let dim N = 2d + 1. Property (2) is discussed in [26]; it implies, in
particular, that if 7 is any irreducible representation of N which is nontrivial on Z,
then 7 |, determines =. It also implies that the Abelian ideal M is (d + 1)-dimensional.

Before stating the main theorems, we need one more piece of notation. The
operator m( L) maps I to I°; if I is imbedded in other spaces, (L) may be
regarded as a (possibly unbounded) operator between these spaces. We write «(L):
JC, - IC, for the closure of m( L)l (In a slightly different context, Hormander
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called this the “minimal operator”.) On other occasions, we shall need to consider
the operator which is the dual of m(L‘): 3, — IC.°; this operator (Hormander’s
“maximal operator”) is also an extension of 7(L)l<, and we shall write it as
a(L),,.

We now let L be a homogeneous left invariant differential operator on the special
Lie group N. When X # 0, we write J(3 for J(; .

THEOREM 1.1. Suppose that there exists s >0 such that for all A # 0, m\(L),,
regarded as an operator from JC3° to 3, has a bounded right inverse. Then L is
semiglobally solvable.

THEOREM 1.2. Suppose that L has a tempered fundamental solution. Then there
exists s > 0 such that for all X # 0, my(L),,: 35 — I3 has a bounded right inverse.

Theorems 1.1 and 1.2 fail to be converses exactly to the extent that global
solvability differs from having a tempered fundamental solution (for these operators).
It is reasonable to guess that operators L satisfying the hypothesis of Theorem 1.1
actually have tempered fundamental solutions; in §6, we prove that this is the case if
N is the (2d + 1)-dimensional Heisenberg group. Thus we obtain a full converse to
Theorem 1.2 in this case. We also prove a further (but rather weak) theorem along
these lines.

We could also write Theorem 1.1 as follows: if there is an s such that ,(L"):
JC5* — (5 has a bounded left inverse for all A 5 0, then L is semiglobally solvable.
Theorem 1.2 can be rephrased similarly. These restatements involve the minimal
operator, and it is not true that if L has a tempered fundamental solution, then
m(L"),,: J03° — I3 is injective. An example is given in §7.

The (2n + 1)-dimensional Heisenberg groups are special, but other examples may
not readily come to mind; indeed, special nilpotent Lie groups may seem rather too
special to be interesting. We prove in §2 that every nilpotent Lie group N, with
dilations can be imbedded in a special nilpotent Lie group N so that the dilations
extend. (This result implies that there are square-integrable n-step nilpotent Lie
groups for all n, as was claimed in [21].) If L € U(N,), then L € W(N), and L is
solvable on N iff it is solvable on N. (See Theorem 52.6 of [35].) In some sense,
therefore, Theorems 1.1 and 1.2 apply to all homogeneous left invariant operators L.

There have been a number of other papers concerned with solvability of left
invariant operators. The situation for Abelian N was described above. In [29], Rais
proved that for any nilpotent N, L has a tempered fundamental solution whenever L
is bi-invariant; his proof was extended by Duflo in [11] to prove local solvability of
bi-invariant operators on an arbitrary Lie group. An early example of a tempered
fundamental solution for a homogeneous left invariant operator L is found in [13];
this example was extended in [14]. See also [15]. L is also hypoelliptic in these
examples. In [30], Rockland conjectured Theorem 1.1 for the special case where N is
a Heisenberg group and s = 0; the conjecture was proved in [31]. Extensions of this
result were given in [6] and [33]; the latter gives a criterion like that of Theorem 1.1,
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but only for Heisenberg-type groups. The papers [21] and [32] give detailed informa-
tion about local solvability of certain second order operators; earlier, the Lewy
operator was analyzed in [17]. In [8], a necessary condition for local solvability is
given; this condition is treated further in [33].

The organization of the rest of this paper is as follows: in §2, we give the main
properties of special nilpotent Lie algebras and prove that there are many examples.
§3 is devoted to some auxiliary lemmas, after which, in §4, we prove Theorem 1.2.
Theorem 1.1 is proved in §5; in fact, we prove a more general theorem that applies
to arbitrary nilpotent Lie groups and restricts to Theorem 1.1 when N is special. §6
contains results on fundamental solutions, and §7 contains some examples and lists
some unsolved problems. :

We conclude this section by giving some notation. Whenever 2 is a special
nilpotent Lie algebra, we let Y generate the center 3 of i, and we assume that the
degree of Y is m. The homogeneous operator L is usually taken to have degree m,.
Weletdim N = 24 + 1.

We shall need a variety of Sobolev-like norms on N. Let @ be as before; on
C2(N), we define

oz, = 2 o= XIJ
X€E@,deg X<s
for p = 1,2. The completion of C*(N) in the || ||, , norm will be written £ (N). We
also define
dloly = 2 X =ll7,
Xe@&,deg X<s
and let the completion be ‘BP(N ). Finally, we let | | be a homogeneous norm on N
(see [16] for an account), and let

o= 2 [ 1xD)"1ex X(x) P dx.
XER,deg X<s"N

The | |, norms are weighted Sobolev norms; JC*(N) is the completion of C*(N) in
the | |, norm. (One could also use right invariant operators to define norms, but the
left and right invariant weighted seminorms are equivalent for S(N).) When N does
not have dilations, we replace the homogeneous norm with any standard norm on N.

I am greatly indebted to Professor F. P. Greenleaf for several very useful
conversations.

2. Special nilpotent Lie groups. Suppose that N is a special nilpotent Lie group of
dimension 2d + 1. We denote by N its Lie algebra, by I the Abelian ideal
described in §1, and by 3 the center of N; M, Z are the subgroups corresponding to
I, 3, respectively. Let Y span 3. We let N, be a Euclidean subspace in N, stable
under the A4,, such that every element of N can be written uniquely as x = x,m,
m € M, and x, € N,, and we let M, be a subgroup of M stable under the 4,,
M, = R? such that every element of M can be written uniquely as m = m,z,
m, €M, and z € Z. (If X,,...,X,,,, is a homogeneous basis for N such that
X, = Y, span{X,,...,X;} is an ideal for each j, and span { X|,...,X,,,} = M, then
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one can take M, = expRX, ---expRX,,,, N, =expRX,,, - -expRX,,,, (See
[25].) Set N, = M| N,. Of course, N, and N, need not be subgroups.

As noted earlier, any irreducible representation of N which is nontrivial on Z is
determined by its restriction to Z. We let U,, A 0, be the equivalence class or
irreducible representations whose value on exp ¢Y is e2"*']. We shall soon describe a
particular element 7, of U,. The Kirillov orbit 0, corresponding to U, consists of all
elements / € N* with /[(Y) = A. Define y(/) = /|y, and fix some element /, € O,.
Note that y(0,) = y(/,) + 3+ C M*; that is, y(0,) is a hyperplane in M *.

LEMMA 2.1. The map x, > (Ad*x,- 1)) is a diffeomorphism of N, onto ¥(0,) and
takes Lebesgue measure to a multiple of the canonical measure on 0, (see [28)).

PRrOOF. If one regards N, as a cross-section of N /M, then Lebesgue measure on N,
is the N-invariant measure for the obvious action of N. (See [36].) Similarly, N acts
on M* by Ad*, and Lebesgue measure on y(0,), the Ad*(N)-orbit of y(l,) is
N-invariant; see [27, p. 54]. Next, if x € M, then y(Ad*x-/,) = y(/). Forif W € M,
then ((Ad*x)l,)W = [y(Ad x™'- W) = [,(W), because M is Abelian and therefore
Ad is trivial on M. Thus the map described above can be regarded as an N-covariant
map from N/M to y(0,), and we are done once we show that the stabilizer of /, is
M. This is a matter of counting. From [27, Theoréme, p. 50], the stabilizer of /, is a
connected subgroup N(A) of N such that dim N/N(A) = dimy(0,) =d =
dim(N/M). As M is connected, N(A) = M.

We may fix /, (at least on M) by assuming that /, is trivial on M, = log M,. Then
the various y(/,) lie along a line. Fix Lebesgue measures p on N, and » on 3+ C IM*;
use this latter measure to define Lebesgue measures on the orbits y(0,). It is now
easy to see that (up to a constant independent of A) the map of Lemma 1 takes u to
[A[?v. In particular, it is singular at A = 0. Elsewhere, it is a polynomial diffeomor-
phism with rational inverse.

Letay f= C\(f° 4, ), where A, = N'/m™ and C, is a constant to make a, unitary.
We let g, be the representation induced from the representation on Z taking exp tY
to e2™ (we regard N, as a cross-section for Z\ N and let a; act on (L,(N,)), and
let 0, = a3'o. a,, where 0. = o] if A >0 and = o/, if A <0. Then, of course, o,
and o; are equivalent; indeed, a, is an intertwining operator.

We now choose an explicit representation m, in each A ,. We do this by giving
realization of m, and 7_,, and then letting m, = a;'7. a,. For m,, define p, on M by
letting p,(exp 1Y) = 2™, p,| M, = 1. Now let m, = Ind,,_, yp,, Where we take N, as
a cross-section for M\ N and regard =, as acting on N,. For 7_,, the construction is
similar, but p_(exptY) = e~>"“. Note that if L € A(N) has degree M, then
7 (L) = a™/™m(L) for a > 0.

LEMMA 2.2 The representation o, is equivalent to infinitely many copies of m, (by a
map which is described explicitly below).

PrROOF. The point of the lemma is that there is an explicit map decomposing o,.
We give the map for A = 1; a similar map works for A = -1, and the result for
arbitrary A follows from using the scaling maps a,.
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Define /; as above, so that /, is trivial on M, and /(Y) = 1; let [, = Ad*(y)/,,
y € N,. Given f € £,(N,), define B, fon N, X 3* (here 3 is a subspace of M=) by

(B f)x, 1, — 1) = fMf(myx)ez”i/y(los'"+X(rn)) dm,
1

where x(m) € M is defined by n~'x'nx = exp x(n). Then a calculation shows that
B0, (x)B7'f( %o, L, - 1) = m(x)f(x,. [, = l),
where 7, acts on the first coordinate of f. That is,
Bioy(x)B = m ®T onLy(N,) ®L,y(3).
This gives the desired result.

LEMMA 2.3. Let R be the right regular representation of N. Then R is equivalent to a
direct integral of the o; (by a map which is explicitly described below).

PrROOF. Define ¥: £,(N) — £,(N, X R) as follows: if x = x,exptY = (x,, ),
with x; € N,, then

(Ff)(x,A) = fR f(xy, )e 2™ dr.

Then % is unitary, and a calculation gives

(FR(x)F ") f(x,, A) = (o5(x)f ) (x1, N),

where o5 acts on the first variable.

COROLLARY. There is a unitary map B: £,(N) — £,(N, X 3% X(R\{0})) which
gives an equivalence between R and the representation T defined by

(x)f(ny, I, N) = m(x)f(ny, 1, A), n, EN,, 1 €3, €R\{0},

where m, acts on the first variable. Moreover, B has the following property: if
J = {f, € S(R): supp f, C [3,2]}, then
B(S(M)®T) =5(M,)®5(;*) & T

In fact, B = y o &, where (y¢)(-, A) = Bra,¢(-, A). This last fact is easy to check
because B is given so explicitly.

Notice in particular that any function of the form f(x,)f,(/, — /,)f,(A), where f,,
f1» and £, are Schwartz class functions and supp f, € [3, 2], can be written as Bf for
some f € S(N). In §5, we shall write f = (f;, f;, f,)- If L € U(N) is homogeneous
of degree m,, then (with f, f,, f, as above)

(BR(L)B™)fo ® f1 ® fy(x, 1,A) = Xo/"(m(L))(fo ® L ® £)(x, 1, ).
We shall need to know the Plancherel formula for special nilpotent Lie groups N.

We follow the treatment in [6]. Let Y, X,...,X, be a basis for M, and let
X,.+1--.,X,,extend this to a basis of i. Define Pf(/) (up to sign) by

(PA(1))* = Det(([ X;, X])).
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Then Pf(/) depends only on the Ad*(N )-orbit of /, and hence only on /(Y'). Since
we clearly have (Pf(al))? = a*?Pf(l), we see that, up to a nonzero scalar,
[Pf(1)|=]/(Y)F, 2d+1=dimN.

We can therefore write the Fourier inversion formula N: if ¢ € §(N), then
Trm(9) = [ IN[% Mo+ 1), ¢()=[  |AFTrm(s)dA,
vt R— (0}
where 1 is the identity of N, dI’ is Lebesgue measure on Y+ C R*, and
o () = f 2™ (exp X ) dX.
N

Similarly,

lloll3 = fN INFTr(my(9)(my(3))) dA.

(This account can be generalized; see [6] and §5.)

Next, we prove that every Lie algebra with dilations can be imbedded in a special
Lie algebra so that the dilations extend. We begin with a preliminary result.

Let V= ®j=01§ be a graded vector space with dim ¥V, = dim ¥, = 1. For con-
venience, let V; = {0} if j > k. We let # =9, be the Lie algebra of all linear
transformations A: V' — V' such thatv € V, = Av € 69]":,, +1V;- (In particular, 4 = 0
on V) Let ;= (4 €RN: AV})CV,,;, 0<i<k}. Then N = S~ N, and
[%,, R, ]CN, ,;; hence N is a nilpotent Lie algebra with dilations.

THEOREM 2.1. The algebra ' =N, can be imbedded in a special nilpotent Lie
algebra N so that the dilations extend.

PROOF. Let ¢, ,...,e;, form a basis for V;, and define operators E(i,, ji; iy, j,):
VoV foriy<iyj,<ngj,<n,by
[E(i,, Jis 2 jz)(eia,fs)] =890
The elements E(i, j;; i5, j,) form a basis for ¢, with
[E(il’ Jis b2, jz)» E(is, j5; ia, j4)]
= 8.‘2,:‘3612,1,15("1’ Jisigs Ja) — 8i|,i48j|,j4E(i3’ J35das Ja)-
We let % be spanned by the E(i}, js; i, j,) as above, plus elements F(iy, ji; i3, J2),
with 1 <i, <i, <k — 1,j; <n,;,j, < n,, with brackets
[EGiv, jis 12, ), Fliy, jis 120 15)] = E0,1; &, 1);
L. . 5; i.s‘ '4F(i1’jl;i2’j2) if iy <iy,
[E(IZ’.12;’3’.]3)’F(ll’11;i4’.]4)] = e e
0 ifi, =1i,;
all brackets of two F’s are 0. We let %, be spanned by the E(i,, ji; i,, j,) With
i, — i, = i and the F(i}, j,; iy, j,) Withiy — i, = k — .
We need first to verify that it is a Lie algebra; for this, we need to verify the
Jacobi identity on basts elements. For three E’s, the Jacobi identity holds because it
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holds in 9; for two or three F’s, it holds because all three terms are 0. Thus we need
only verify that
0 :[[E(il’ Jisizs 2)s Eis, Jss ias Ja)ls Flis, jss s, js)]
+[[E(i3’ a3 as Ja)s Flis, Js; i, fs)]’ E(iy, jis ias fz)]
+ [[E(is’ Jss igs Je)s E(iy, Jis iy, jz)]’ E(i3, jy; igs j4)]'

Assume first that i, < i,. We call the three brackets Terms 1,2,and 3, respec-
tively, and try to evaluate them.

Term 3. If the inner bracket is nonzero and noncentral, then i, = i, j, = j;, and
is <. In this case, Term 3 becomes [ F(is, js; i}, J,), E(i3, Jj5; i4, js)l- This bracket
is zero unless iy =i, and is <i;. But since i) <i, and i; <i,, we then have
iy <i, =i, <i,, which contradicts the assumption. Hence Term 3 is 0.

Term 1. We have i; <i, <i; <i,. Thus the inner bracket is 0 unless i, = i; and
J» = J5- In that case, Term 1 becomes [E(i,, j,; i4, J4), F(is, Js; ig, Jo)I. This bracket
is O unless i, = i¢, j, = j, and is < i;; in that case, it is F(is, js; i, j;). Note that
is <iy <i, =i,

Term 2. The inner bracket is O unless i, = i, j; = js, and i5 < i,; then Term 2
becomes [ F(is, Js; i3, jz), E(i}, Ji; i3, Jo)]. This bracket is O unless iy = i,, j; = j,,
and i5 < i; in that case, it is —F(is, Js; i}, j))-

Thus Term 1 is nonzero exactly when Term 2 is nonzero, and in this case these
terms cancel. Hence the Jacobi identity holds when i, < i;.

If i, <i, a similar analysis applies; more simply, we can interchange
E(i\, jy; iy, J,) and E(is, j3; iy, Js) to see that the Jacobi identity holds. Finally, if
i, > iy and i, > i}, then the inner bracket in Term 1 is 0; also, the above analysis
shows that Terms 2 and 3 are also 0. It follows that %~ is a Lie algebra.

It is easy to check that [®,, %, ] C R, ,,. Thus % has dilations. To find the
center of 9, we look at [ X, Y], where

X=Za(iy, jis iys R)E(irs Jis ias J2) + 20y, Jis izs 2)F(iy, ia5 iy Ja)-
Suppose that one of the a’s, other than a(0, 1; &, 1), is nonzero. If so, choose i}, i, so

that a(i, j,; i, j,) # 0, i, is as large as possible given this condition, and i, is as
small as possible given these conditions. If i; = 0, then

[X, EGs o ko D] = aliv, s a0 o) E(0,1; &, 1);
if i, = k, then
[X’ E(0,1;i), jl)] = -a(iy, ji; iy, H)E(0,1; k,1);
if 1 <i, <i, <k, then
[ X, F(iy, jis iz 12)] = aliy, jis iz, 2)E(0, 15 k,1).
If all these a’s are 0, but some b is nonzero, then choose i}, i, so that b(i,, j,; i,, j,)

# 0, i, is as large as possible given this condition, and i, is as small as possible given
these conditions. Then

[X’ E(iy, jis iy, jz)] = -b(iy, ji; iz J2)E(0,1; k, 1).
Hence E(0, 1; k, 1) spans the center of .
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The above calculation also shows that if / € (9%)* is a linear functional that is
nonzero on E(0,1; k,1), and if X ER, = {X EN: I(X,Y]) =0, VY € N}, then
X is a multiple of E(0, 1; k, 1). Theorem 1 of [26] implies that N has square-integra-
ble representations. Since %, C %; for all i, the dilations extend. Finally, the span of
the F(i,, j; i, j,) and the E(i, j,; k, 1) is the required polarizing ideal. This
finishes the proof.

Theorem 2.1 leads easily to the desired result.

COROLLARY 2.2. Let R = ©® ,k o bea mlpotent Lie algebra with dilations. Then
can be imbedded in a special Lie algebra N so that the dilations extend. Moreover, the
dimension of W can be arbitrarily large.

Proor. It suffices to imbed 9 in a Lie algebra R, of the sort used in Theorem 4.1.
We follow the original proof of the Birkhoff imbedding theorem (see [4]). Choose a
homogeneous basis for AU(N) as in §1. Let "le = span{ X: d(X) = j}. Given m > k,
let X,, be some nonzero element of degree m, let W,, be a complementary subspace
to span(X,,) in U,,, and let V' = W(N)/[W,, & (D, A,))], V; = image of U in V.
R acts on V by left multiplication, and % ; maps V; into V.. Hence I imbeds into
9, in a way that extends the dilations.

COROLLARY 2.3. Any Lie algebra N imbeds in a special Lie algebra.

PrROOF. The Birkhoff Imbedding Theorem shows that i imbeds in a Lie algebra
RN,, V=@V, withdim¥, = 1 for all j.

Notes. (1) Theorem 2.1 also shows that for every k, there are k-step Lie algebras
with square-integrable representations. This confirms an assertion made in [26].

(2) The N all have discrete, cocompact subgroups, since the structure constants in
the given basis are rational. See [25].

3. Some auxiliary lemmas. This section is devoted to some lemmas concerned with
factoring elements of S(N). The results will be useful in the next section. The proofs
are related to some found in [10], where far more delicate results are proved. In this
section, we do not need to assume that N has dilations.

LEMMA 3.1. Let N be a nilpotent Lie group, with Lie algebra t; let { X,,...,X,} bea
basis for N. Given any k >0, there exist elements P,, P, € U(N) and functions
f, 8 EL(N) N L,(N) such that:

D) if X=X{"--- X, with Z/_,j; <k, then X x f, f X, x*g, g+ X are all in
L1(N) N EL(N);

Q)P f=g+ P, =b,.

Proor. We shall find P, and f; the proof of the existence of P, and g is virtually
the same. Since X » f = X'f (where X' is right invariant) and f * X = X'f (where X’
is now left invariant), we may deal with differential operators rather than convolu-
tions. Next, the left invariant operators of order < k can be written as linear
combinations (with polynomial coefficients) of the right invariant operators of
order < k. If we produce a function f such that Xf vanishes rapidly at co whenever X
is a right invariant operator of order < k, then f will satisfy condition (1).
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The proof is by induction on » = dim N; we begin by reducing the inductive step
to the case n = 1, and then deal with this case. Thus we assume the lemma for n = 1
and for n — 1. Since the lemma is independent of the choice of basis, we may
assume that X),..., X, _, span an ideal 9, of codimension 1 in N. Let N, = exp i ,.
A typical element of N can then be written as x = (exp tX,)y = (¢, y), € R and
y € N,. Let x, = (1,0). If ¢ € C'(N), then define ¢, on N, by ¢,(y) = (1, y); we
have

Xo(t,y) = (Adx) X)) (6 (y), J<n

0
Xo(1, ) = 322, ¥).

Suppose that f,, P, satisfy the hypotheses of the lemma on N, and that f,, P, ,
satisfy the hypotheses on R. (We assume also that the derivatives of f, and f, of
order < k vanish rapidly at c.) Define f by

£t ) = [ 157 1vx,).
Then X,f(1, ) = f(1)X,f(y) for 1 <j<n, and X,f(t, ) = (O X. Y] /1, ),
where exp Y, = x;'yx,. Hence all derivatives of order < k are in £,(N) N £,(N),
and even vanish rapidly; see §1.3 of [16]. Moreover, P, , P, , f = 6.
For the case n = 1, (d%/dt* — 1)(3e™) = 8. Let P, = (d?/dt*> — 1), and let f be
the k-fold convolution of $e™ with itself. This completes the proof.

COROLLARY 3.2. Given s =0, we can find functions f, g € Li(N) N LYN) N
SR (NYN*L,(N) and differential operators P, P, such that P,g = § (where P_is left
invariant) and P)f = 8 (where P] is right invariant).

COROLLARY 3.3. Given s =0, we can find f, g € H*(N) and P,, P € U(N) such
that P,g = 8 (P, is left irvariant) and P|f = O (where f is right invariant ).

LEMMA 3.4. Given s =0, we can find functions f, g € *C (N) N’EAN) NEYN)
N R5(N), plus an integer r, such that if € JC'(N), then ¢ = ¢, x [ = g * ¢,, where
¢, ¢, depend continuously on ¢.

PROOF. Suppose that ¢ € S(N). Then ¢ = ¢px 8=+ (PL* ) = (¢ * Pl)x f =
¢, * f. (Here, f is as in Corollary 3.2.) The maps ¢ > ¢, and ¢, > ¢, * f are both
continuous in &, and there exists ¢ such that ¢ > ¢, is always continuous from
JC(N) to IC""9N). Choose r such that ¢, > ¢, x f is continuous on FC" 4 N).
Then ¢ > (¢ * P) > (¢ * P{) * fis continuous on JC'(N) and is the identity on a
dense subset of IC"(N). Hence (¢ = P}) » f= ¢, Vo € LX(N), and ¢ > ¢, = ¢ = P}
= P,¢ is a continuous map. The proof for g x ¢, is similar, but easier.

LEMMA 3.5. Ler f € *£(N), and let  be an irreducible representation of N. Then:

(@) 7(f): I, = I, is continuous;

(b) there is a constant c, independent of f and w,such that ||7w( f)|| < c¢,|| ]|, (here, f
is regarded as an operator from 3, to 3C3).

PROOF. Let X € N and let v € K. Then
7 (X)m(f)oll = llm(X = ol <|IX * fllllvllo-
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Therefore

Im(olz< 2 11X * fliflolls,

d(X)<s

_ 2
and 2, )<l X * flIf =/l f1li, up to a constant.

COROLLARY 3.6. If g € £1(N) and 7 is an irreducible representation of N, then:

(@ 7(f): I, ° = I, is continuous;

(b) there is a constant c, independent of g and m, such that ||w(g)|| <|gll, ; (here, g is
regarded as an operator from 3_° 10 I ,).

PROOF. Let f(x) = g(-x). Then =(g) = n(f)" (where #(f): I, — IC:),- and
llglh =l fll;- Now use Lemma 3.5.

4. Necessary conditions for tempered fundamental solutions. In this section, we
prove Theorem 1.2. We begin with an easy result.

LEMMA 4.1. Let N be a nilpotent Lie group, and let L be a left invariant differential
operator on N. The following conditions on L are equivalent:

(@) If f € S(N), then 3u € &'(N) with Lu = {.

(b) L has a tempered fundamental solution.

(c) 3s = 0 such that L, regarded as an operator from I3 °(N) to JC*(N), has a
bounded right inverse.

(d) 3s = 0 such that L', regarded as an operator from 3 *(N) to HC*(N), has a
bounded left inverse.

(¢)3s = 0 and C > 0 such that for all € S,

(4.1) lgll_s < ClIlL'gll,-

PROOF. It is easy to see that (b) = (a), (c) « (d), and (d) < (e). Furthermore,
(c) = (b). For if (c) holds, let f and P, be as in Corollary 3.3. Find ¥ € JC (N ) with
Lu=f. Then L(P, * u) = P(Lu) = P, f= 4, and P, » u is the tempered funda-
mental solution.

It therefore suffices to prove that (a) = (e). For this, we imitate the proof of
Lemma 6.1.2 in [18). Let §, have the same elements as S, but with a topology given
by the seminorms | L'¢ |, and consider the bilinear form on & X &, defined by

(f.8)= fngdx-

For fixed g, this is obviously continuous in f. If f is fixed, choose u € &’ with
Lu = f; then

(f.g)= ng-Ludx= fRu-L’gdx

is continuous in g. Since S is Fréchet, this form is continuous. (One reference is [35];
see the corollary to Theorem 34.1.) Therefore 3s, C:

‘ffgdx

Fix g. Since |g|_, = sup,_,| [fg dx|, (e) follows.

< Clfl;I L'g],.
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LEMMA 4.2. Let N be a special nilpotent Lie group, and let L be a homogeneous left
invariant differential operator such that L': 3C™°%(N) » 3C*°(N) has a bounded left
inverse. Then 3s such that for all X # 0, m\(L),,: I;* - I3 has a bounded right
inverse.

PROOF. The hypothesis is equivalent to the assumption that (4.1) holds for s = s;
once (4.1) holds for some s = s, it holds for all s > s,,.

Write N = N, X M, X Z. as in §2, and let f= (£, f,, f) as described there.
Restrict f, so that suppf) C[4,2]. Then the map B of §2 takes f to f =
fz:(xz) fla(l) f(;(A) and gives an equivalence of the right regular representation R with
R, where

R(x)f (23,1, A) = (m()f)) () (D (V).
In particular, since L'f = f» L = R(L")f, we get
(32) R(L') = X"/mo(m(L) ) (x2) i (D (M.
On the functions f under consideration, ¥ is continuous as a map into S, and so
there are s’, C’ such that

IR(L)f 1= C'If Ly
But now (3.2) implies that

|m(L) Al = Clf L
Finally, since the ordinary Sobolev seminorms on S(N,) and the ¥} seminorms are
equivalent, we can find s and C with

lm(L)ll, = Cligll_, on Y.

This implies that a,(L') has a bounded left inverse from (] to J(;°; by duality,
m(L),,: }7° = I} has a bounded right inverse. Since m,(L) is a scalar multiple of
m,(L) when A > 0, the same result holds for A > 0. The same argument clearly works
for A <O0.

Lemmas 4.1 and 4.2 evidently imply Theorem 1.2.

5. Sufficient conditions for semiglobal solvability and for tempered fundamental
solutions. In this section, we first prove a theorem showing that certain differential
operators on nilpotent Lie groups are semiglobally solvable. (For this theorem, the
group need not be special.) We then apply the result to special nilpotent Lie groups.

We need a quick summary of Kirillov theory (see [20] or [27] for details). Let N be
the space of (equivalence classes of) irreducible representations of N; then N is
parametrized by the Ad*(N )-orbits of N*. There exist a subspace V of N* and a
Zariski-open subset Vof ¥ such that “almost all” representations of N are parame-
trized by <V, in the following sense: Ad*(N)V is Zariski-open in N*, Vis a
cross-section for the orbits in Ad*(N )V, and the representations corresponding to
these orbits are sufficient for the Plancherel Theorem. In fact, let =, be the
irreducible representation corresponding to A € V. Then there is a rational function
Pfon N, Ad*(N )-invariant and finite on °V, such that for all ¢ € R'(N) N L3(N),

lll30 = [V |PF(A) | Tr(my(#)*m(9)) dA.
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Indeed, Pf is polynomial, and can be determined explicitly; see [28] and [6]. We shall
refer to the representations m,, A € V, as the representations in general position. The
Hilbert space for , is JC,, and the Sobolev spaces are J(3. Note that if N is special,
then ¥ = R (V is complementary to Y*) and V=V — {0}.

We shall use some results found in Chapter 4 of [9]. Let P,,..., P, be polynomials
on V. We can find a polynomial Q on V such that QP,,...,QP, extend to
Ad*(N )-invariant polynomials on N*. Thus there are elements D,,...,D, €
3(U(N)) such that

m(D)=0ME(M).  VAET.

THEOREM 5.1. Let L € U(N). Suppose that there are numbers s and C, plus
polynomials P, + 0 and P,, such that for all m, in general position:

(1) my(L,,): AT’ = ICN, has a bounded right inverse, B,;

(2) the B, vary measurably with \;

3) [PV IByI < CIPN).
Then L is semiglobally solvable.

Note. The m, can (almost) all be modeled on the same Hilbert space so that
(A, x) > m\(x) is jointly continuous. This explains the meaning of (2). In (3), of
course, the norm of B, is as an operator from JC5 to 3C5°.

ProOF. Let Q, D|, and D, be such that D|, D, € 3(U(N)) and, for j = 1,2,
m(D;) = Q(M)P(A), allA € %Y. We shall show that if ¢ € S(N), then there is a ¢®
function u on N such that Lu = Dj¢. Since D, is semiglobally solvable, the theorem
follows easily.

We define u = u(¢) as a distribution as follows: let ¢,(—x) = ¢(x), and define

(u,¥) =LJPf(?\)|P|(>\)Q(A)Tr(ﬂx(rlz)Bm(%)) dx, Y ES(N).

The first task is to see that this makes sense. Write Y, = {, * f, ¢, = g * ¢,, where
fe LANINEL, (N), g€ L(N)NE, (N), and ¢,. ¢, € S(N); see Lemma 3.4.
Then m,(f), regarded as an operator from ¥} to }..is bounded, with a norm
independent of A; similarly, m,(g) = 3(;* - J(} is bounded independently of A. (See
Lemma 3.5 and Corollary 3.6.1.) Let B} = m,(g)Bym\(f). Then B} = ¥, - I, is
bounded, and

IPAMINIBI < CIPy(X)|,  VAETV.
(This constant C may be different from the one in the hypothesis.) Hence
Tr(m\(¥o) Byma(9)) = Tr(m(¥,)Bim(2)).

and this trace exists because 7,(y,) and m,(¢$,) are both trace class operators. Write
Il llees || l11s for the trace class and Hilbert-Schmidt norms respectively. Then

|P(N)Q(M) || Tr(my () Bimy(9,)) 1=1 Py(A)Q(A) [ Tr( Bima(é2)ma(¥1)) |
<|P,(A)Q(M) 1Byl llma(6:) ma(¥) Il ze
< C|P,(N)Q(N) llmy(dMm-sllma(¥i Nl ges
< Cllm(9)lus - 1 Diwy s
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Hence

[(u,¢)|< C [\ 1PN 17y ( b Mgl D3y s @A

1/2

<[ [1pmmeisan) ({100 im( D34, san

= Cli$allz0ll D3l 205
so that the integral is finite. Indeed, since 3r: || Dyyll, <|¢|,, we see that u €
JC;"(N) for some r (independent of ¢).
Now let D € QU (N). Then

(U(6), D =) = [ 1PFN) IP(NQA)TH(m( D * 1) Bim (1)) dA
= [IBO) 1P )QATH( Bim(92)m( D)ma(¥1)) dA

= [V |PA(A) | P{(A)Q(A)Tr( Bimy(¢, * D)my (1)) dA

= (u(¢* D), y),
or D' x u(¢) = u(¢ * D). Hence u(¢) has weak derivatives of all orders in I(;"(N)
for some r, and so ¥ € C*(N). Finally,

(L(w),9) = (u, L'p) = (u, ¥+ L)

:[VI PA(A) [ P{(A)Q(A)Tr(my(y * L)Bymy(do)) dA
=[v|Pf(A)|P,(A)Q()\)Tr(vr,\(tl/)'lrx(L)Bx”x(%)) dA
=/:V|Pf()\)[P.()\)Q(A)Tr("’x(*l/)ﬂx(‘ﬁo)) d\
='[V|Pf(7\)|Tr(1r,‘(xp)7r>\(Dl)7TA(¢o)) dA
= [ 1ROV T(7(3)m( D} * o)) 4
= LB O Te(m(@)m((Df = 9o )))*ah (£ (x) =1(x7"))
= (¥,(Di*¢,)) (Plancherel)
= J#O(D{+ 90)(x7) dx = [4(x)(Di6)(x) dx = (Dig, v).

That is, Lu = Di¢, and the proof is finished. Notice that m,(L) is being applied only

to C® vectors in this proof, so that we can use (L) or m(L),, in the various

manipulations.
Note. In fact, B, need exist only for almost all A € V, provided that conditions (2)

and (3) are met. The proof is the same.
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Now we consider the case where N is a special nilpotent Lie group of dimensions
2d + 1 and L is homogeneous of degree m,. Let a > 0; let m be the homogeneous
degree of Y. (Recall that Y spans 3().) If m,(L),, has a bounded right inverse B,,
then @~™0/™B, is a right inverse for m,,(L),,. Moreover, as operators from 3], to
JC,x and (5 to IC1°, respectively,

1Bl < (@@ *m0/™ + 1)1 By ||

Hence if 7,( L),, has a bounded right inverse B,: J(; — J;° for one positive and one
negative value of A, then Theorem 5.1 applies, and L is locally solvable. This
completes the proof of Theorem 1.1.

6. Sufficient conditions for tempered fundamental solutions. In the case of certain
homogeneous operators on special nilpotent Lie groups, we can extend Theorem 5.1.

THEOREM 6.1. Suppose that N is special, that L is homogeneous of degree m, and
that m(L),,: };°(N) — IC3(N) has a bounded right inverse for every A # 0. Suppose
further that my + 2s < m, where m is the homogeneous degree of Y (Y is a nonzero
central element in N). Then L has a tempered fundamental solution.

Proor. Let B, B_; be bounded right inverses for 7 (L), 7_ (L) respectively; let
a>0. As we saw in §5, B, = a~™/™B, and B_, = a~™°/™B_, are right inverses to
m, (L), m_, (L) respectively. Let y = —(m, + 25)/m; then

I1B,Jl < (a” + DIIB,|

(the norms are as operators from JC; to J(,;* and (] to I(;° respectively), and
similarly for B_,.

We follow the proof of Theorem 5.1, setting D, = I. The main point to be
established is that U(¢) is indeed a distribution. As in Theorem 5.1, we get

| Te(m (1) Bama(62)) 1< IBAIITA(62 M- sl (9 Ml
< COAT + Dlim(d Mar-shma(dy s

Thus, if dim N = 24 + 1, we need to bound

Cl I Mershm (¥ s @A
R (0)
We separate this integral into two pieces, [, and [j<. For the first integral,

Cf AT Im(@)linshma(¥ g5 dA
=1
<Cf NPTl sIma(¥ s 4A
IN=1

< C/ I (2 Ml sll (W) )l s dA
R—(0)

< ll$2llall¥ll2s
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as in Theorem 5.1. As for the other piece,

Cf APl @ lslim(¥ s dA
<1
1,2
<C( JAPTIim(@ls N [ AT s dA
<1 Al<1

Now

Ay (6y)llEs =IATr( (05 * ,))  (5(x) = ,(~x) )
= (65 % ,) (1) dl.
I(Y)=A

Let ® = ¢, * ¢,, and regard ® as a function on R (via exp); then, by Poisson
summation,

/ @‘(1)d1=[<1>(ty)e2"f~dt<f- v)|dt = a(®), say,
I(Y)=A R

and

dr 2 Y\ = 2
[ X Im(92s dh < o(®) [N dA =5 a(@).

Since ¢, > ya(®) is continuous on S, we get
1/2
(/ Y|y (0, s d)\) <lll¢lll2,,, somer=0.
<1

Similar remarks apply to y,. Therefore ¢ > u(¢) is continuous from J;(N) to
JC;(N). Of course, Lu(¢) = ¢, as in the proof of Theorem 5.1.

From Corollary 4.3, we can find f € 3(J(N) and P’ € U(N) such that P/ » f = 4.
Let £ = P; = u( f). Then, since L is left invariant,

L(¢§) =P/ »L(u(f)) =P/ = =38,
and ¢ € &’. This proves the theorem.
Theorem 6.1 is obviously much too weak to fill the gap between Theorem 1.1 and

the full converse of Theorem 1.2. The following theorem gives a full converse, but in
a special case.

THEOREM 6.2. Let N be the (2n + 1)-dimensional Heisenberg group, and let L be a
left invariant operator on N satisfying the hypotheses of Theorem 5.1. Then L has a
tempered fundamental solution.

Proor. The Lie algebra N of N has a basis X|,...,X,, Y,,...,Y,, Z, with
[X, Y] =9, [X;, X;] =[Y,, Y,] =0, Z central. Moreover, the center of A(N) is
generated by Z. Coordinatize N by using the exponential map from R; let

(x,9,2) = (Xpsee s Xy Viseeosdur 2) = expl 2Z+ X (x, X+ y,Y)].
Jj=1
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Then a simple calculation shows that

3 1 9 9,1 3 3
w208 VT ey TN A

X; = oy, 253z YT %z

Next, consider the polynomial P,(A) of Theorem 5.1 corresponding to L. (In this
case, there is no difficulty in showing that we may take Q = 1.) We may assume that
it is monic, so that P((A) =II’— (A — A)). If A; € R, then |A — A;| is bounded
below on R, and condition (3) of Theorem 5.1 holds if P/(A) is replaced by
P(A)YA—A j)". Thus we may assume that P,(A) has all real roots.

Theorem 5.1, plus the argument at the end of Theorem 6.1, shows that we can find
a tempered distribution u such that Lu = P,(Z)68. Since P,(Z) is a constant
coefficient operator, Theorem 4.3 of [15] implies that there is a tempered distribution
¢, such that P\(Z)é, = u. Let L{, = a,. Then

P,(Z)ao = Pl(Z)L§0 = LPI(Z)ﬁ0 =Lu= P,(Z)S,
or
(6.1) P(Z)(ay — 8) =0.

Set a = § — a,. Obviously we are done if we can find a tempered distribution £ such

that L(£) = a. We first show that (6.1) implies that

(6.2) IAm=0: Z"a = 0.

Because all roots of P(Z) are real, it suffices to prove that if A, € R, A, # 0, and

(Z, —A))a =0, then a = 0. (Recall that « is a tempered distribution.) Let o’ =

e Ma; then Za/ = 0. Example 4.5.1 of [34] states that a’ = 8'(x, y) ® 1, and hence

that « = B’(x, y) ® e . Since a is tempered and A, # 0, we must have a = 0.
Write L = L,Z™, where L, is not divisible by Z (i.e., L, is not trivial on every

function constant under translation by all elements exp(zZ)). If we can solve

(6.3) Lpm=8, n€¥,

whenever B € §' satisfies Z¥*™8 = 0, then we are done; choose 8 so that Z*8 = a,

and we have L1 = a.

For simplicity of notation, replace (k + m) by m. Example 4.5.1 of [34], plus a
simple induction, shows that we can write

B = § Bj(x’ y) ®zj’
j=0

where the B; are tempered distributions on R*" = the (x, y)-hyperplane. Let X =
d/0x;, Y' =109/3y;, and define Ly as follows: if L, = P(X,Y, Z), write Ly =
P(X',Y’,0). By the definition of Ly, Ly # 0; it is easy to check that L, = Lj + ZL,,
where L, is a differential operator whose coefficients are polynomials in x and y. (L,
has no particular invariance properties.) Since L; is a constant coefficient operator,
we can find a distribution 9,, € S(R") such that Ly(n,,) = B,,. Then

m—1

LO(nm®zm)= E le(x’ y)®zj9
Jj=0
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where B, = B,,. It follows (by induction on m) that we can solve (6.1), and the proof
is complete.

7. Examples and open questions. We begin with a simple example showing that
Theorem 1.1 really does apply to some operators for which the corresponding
statement with s = 0 fails. The 3-dimensional Heisenberg group N, has a Lie algebra
spanned by X, Y, and Z, with [ X, Y] = Z. The representations =, are realized on
£*(R), with

m(X) =|A|V2(d/dt), =(Y)=|A|"/2(sgnX)-2mit], m(Z) = 2miAl.

Now let L = Y. Then m,(Y) is not invertible from £%(R) to £*(R). If s is sufficiently
large, however, every element of J(; is a bounded continuously differentiable
function, and the principal value distribution Q, with

(0,9) = lim [ #00) 4y,

e=0/y>e X

is in JC5°. The map f + QOf is (up to a scalar) the desired inverse for m\(Y').

The next example, also on N,, is more interesting.

The operator L = (Y2 — 27iZ)X on N, has a tempered fundamental solution.
For one can solve X¢ = § for a tempered distribution £ because X is (in appropriate
coordinates) a constant coefficient operator. Similarly, because Y and Z commute,
Y2 — 2@iZ is a constant coefficient operator (in appropriate coordinates); Theorem
4.3 of [19] implies that (Y2 — 27iZ)n = ¢ is solvable in &’. Then 7 is a tempered
fundamental solution.

ForA >0,

n(L) = 4N (2 k1) oL m(L) = 4N+ )L

Thus if ¢ € S(N,) and f(z) = (1 + t2)7",
(m(L)¢, f)=0.

That is, m\(L"),, f = 0. So m\(L"),, has no left inverse.

The following problems, among others, are still left open:

(1) Does every globally solvable left invariant operator have a fundamental
solution?

(2) Does every globally solvable operator have a tempered fundamental solution?

Finally, it would be useful to be able to extend Theorem 1.1 so that it applies to
more general operators and groups. Of course, one can apply Theorem 1.1 to
arbitrary homogeneous operators by imbedding them in special nilpotent Lie groups,
but that procedure is unwieldy and artificial.
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